INTRODUCTION
The specific heat of liquid helium was calculated using the Landau theory [1, 2] ; the results agree well with experimental data near zero temperature. However, the calculated values differ greatly from the experimental data obtained near the point. Bendt et al. [1] and Brooks and Donnelly [2] calculated the specific heat and other thermodynamic functions of superfluid helium on the basis of the Landau theory. Their result for specific heat has no logarithmic divergence at the point. On the other hand, experimental data [3] show the logarithmic divergence. Therefore, we need to study a new theory of specific heat. We focusses on the low-energy excitation "second sound peak" appearing in the Brillouin scattering [4, 5, 6] .
The second sound mode is considered to be a thermal wave mode and its theoretical width becomes infinitely large at the point in the traditional viewpoint. However, its experimental width is very narrow in spectra of Brillouin scatterings. A study of reference 5 reveals that the experimental width of the second sound peak is nearly equal to 1.5 MHz, which is constant for variation of the temperature value. This width is nearly equal to the instrumental width. Therefore, the intrinsic width is less than 1.5 MHz. This temperature dependence of the width does not agree with the result obtained using the Landau theory. The experimental result of Vaughan, Vinen and Palin [6] shows that the width of the second sound peak is smaller than about 1/10 of the first sound width at the temperature T = T λ −0.5mK. Therefore, the lifetime of the second sound mode is longer by about 10 times than that of the first sound mode. For that reason, difficulties exist in the traditional interpretation that the second sound mode detected in Brillouin scattering is a multi-excitation mode of the first sound.
In this paper, we reinterprete this second sound peak of Brillouin scattering as an excitation from Bose-Einstein condensate in superfluid helium, and calculate the specific heat of liquid helium considering the this second sound peak. Then, we obtain the logarithmic term in the calculation result.
EXCITATION ENERGY NEAR THE POINT
The superfluid component in a dilute atomic gas is well known to be a Bose-Einstein condensate. For liquid helium, the superfluid component is a background flow in Landau theory. Hence, we reexamine the nature of the superfluid component of liquid helium. The total Hamiltonian H of liquid helium is H =
where m is the mass of a helium atom, a * p and a p are the creation and annihilation operators, and g(k) is the interatomic potential. An operator U is defined as the unitary transformation that diagonalizes the total Hamiltonian H. Although the explicit form of U is unknown, we can discuss many properties of U , for example, number conservation, Galilean invariance, mass conservation, and momentum conservation. Consequently, all the eigenstates of H are expressed using the transformation from free states of helium atoms to
which indicates a dressed boson operator with an interaction cloud. The eigenstate is expressed as
Therein, we have used the equation U |0 > = |0 > because the vacuum state |0 > is an eigenstate of H. Consequently, all the eigenstates of liquid helium are expressed as direct products of the dressed boson operators. The eigenenergy E is therefore expressible with the number distribution n p = A * p A p of the dressed bosons in momentum space:
The total Hamiltonian H is Galilean covariant; therefore, the diagonal form of H is the sum of the kinetic energy K of the center of mass and Galilean invariant terms X, as H = K+X where
q n q because of total number conservation. In addition, M is the total mass of liquid helium, and N and m = M/N respectively denote the total number and the mass of helium atom. Thereby, the diagonal form of the total Hamiltonian H is expressed as
2m n p + (Galilean invariant terms). Therein Galilean invariant terms are described only by the relative momenta of dressed bosons. Hence, we obtain the total energy using an arbitrary function f as the following.
The ground state energy is E G = f (0)N when all the dressed bosons have momentum of zero (n 0 = N ). Therefore, −f (0) is the latent heat per atom at zero Kelvin. The first excited energy is obtained for the number distribution where ϵ 0 p is the elementary excitation energy at zero Kelvin, then we obtain the first excited energy of the total system as E = E G + ϵ 0 p . This excitation energy E − E G is in agreement with the Landau theory. It should be noted here that the functional form of f (p) has been determined from experimental data of the elementary excitation energy ϵ 0 p and the latent heat at the temperature T = 0. Therefore, the present theory is equivalent to the Landau theory near zero Kelvin. The energy of one dressed boson with momentum p is the energy increase when a single dressed boson is added to the system:
The number distribution of dressed bosons is given as
, where is the chemical potential, and k B is the Boltzmann constant. The chemical potential is nearly equal to ω 0 for T < T λ . It follows that n 0 is a macroscopic number for T < T λ . Consequently, Bose-Einstein condensation of the dressed bosons appears. The energy of excitation from the Bose condensate is ϵ p = ω p −ω 0 = 
where
Because these integrated values depend on p 2 , ω p − ω 0 is
for a small momentum p (see reference 7). Therefore, the velocity of a dressed boson becomes n 0 c/N , which approaches zero at the point. This property of the excitation from the condensate resembles that of the second sound mode in Brillouin scatterings [4, 5, 6] , because the velocity of the second sound also becomes zero at the point. As Fig. 1 shows, the width of the second sound peak is smaller than about 1/10 of the first sound width at the temperature T = T λ − 0.5mK [see ref . 6] . Therefore, the lifetime of the second sound mode is longer by about 10 times than that of the first sound mode. Hence, difficulties appear in the traditional interpretation that the second sound mode detected in Brillouin scattering is a multi-excitation mode of the first sound. Consequently, we adopt a new viewpoint that the second sound mode detected in Brillouin scattering near the point is the excitation from the condensate. This viewpoint facilitates reformulation of the thermodynamics of liquid helium.
SPECIFIC HEAT
We apply our viewpoint mentioned above, and recalculate the specific heat. According to BD theory [2] , integrations are separable into four momentum regions: phonon, maxon, roton, and higher momentum. We also use four functional forms, two of which are identical functions for the roton region and high-momentum region to those in the BD theory. For the phonon region, we use the second sound mode, the functional form of which is discussed below. The function parameters in the maxon region are determined such that the excitation energy and its tangent are connected continuously to both neighbor curves, as in BD theory. Experimental results described in reference [8] indicate that the second sound velocity near the point depends on the temperature as c 2 (1−(T /T λ )) 1/3 +D(1−(T /T λ )) 1/2 . According to our viewpoint for the second sound, the excitation energy from the condensate ϵ p = ω p − ω 0 has the same velocity as c
For a large momentum p, ϵ p is proportional to p 2 because the kinetic energy occupies a main part of the total energy. Consequently, the function form is
where c 2 and D are determined from data of the second sound velocity, and a and b are parameters. This form is used in the phonon region (0 < p <hq 1 ). We can calculate the specific heat C P as follows.
In this calculation, a logarithmic singularity appears in the last integration
Therein we can use the following approximations :
This integration has a logarithmic singularity as
On the other hand, the singularity disappears in BD theory because of non zero value of the phonon velocity at the λ point. We evaluate the integrations in C P for the temperature range 0 < (1 − (T /T λ )) < 0.02, the results of which are shown in Fig. 2 . The upper curve expresses our calculated values of specific heat. Dots in Fig. 2 express the experimental data [3] of specific heat for a saturated vapor pressure. Our calculation is performed under the value of pressure P=0.05 bar. The difference between saturated vapor pressure and P=0.05 bar is negligibly small. The lower curve in Fig. 2 expresses results of the BD theory. As the figure illustrates, our result has logarithmic divergence at the point. Moreover, the present results agree well with the experimental data. On the other hand, the BD theory curve depicts no divergent behavior. This result means that the second sound mode in Brillouin scattering near the point is the elementary excitation of the dressed boson from the Bose-Einstein condensate.
